Functions

1. Definition.

A function is a mathematical relationship in which the values of
a dependent variable are determined by the values of one or
more independent variables.

Functions with a single independent variable are called Simple
Univariate functions. There is a one to one correspondence.

Functions,with more than one independent variable, are called
Multivariate functions.

The independent variable is often designated by X. The
dependent variable 1s often designated by Y.

For example, Y is function of X which means Y depends on X
or the value of Y 1is determined by the value of X.
Mathematically one can write Y = {(X).

2. Linear Equation

A statement of relationship between two quantities is called an
equation. In an equation, if the largest power of the independent
variable 1s one, then it is called as Linear Equation. Such
equations when graphed give straight lines. For example
Y = 100-10X.



For a straight line, there are two variables namely X and Y. X 1s
called independent variable and Y 1s called dependent variable.

When value of ‘X’ increases by one unit, then the corresponding
change in the ‘Y’ value is called as the slope of the line. Slope
of the line is obtained by the formula,

m = slope (marginal change)

Y,-Y, ChangeinY
m=—= ,
X, =X, ChangeinX

Where (X1, Y1) and (X2, Y2) are two arbitrary points

Slope or Gradient of the line represents the ratio of the changes
in vertical and horizontal lines.



(Quadratic Function

All functions in the form of y = ax2 + bx + ¢ where a, b,
c € R, a # 0 will be known as Quadratic function. The

graph will be parabolic.
rY

N

Domain € R
Range € (1, o0)

_ —b+vD
At r = e T

, we will get its maximum on minimum value depends on the leading coefficient and that value will be -D/4a
(where D = Discriminant)

In simpler terms,

A Quadratic polynomial function is a second degree polynomial, and it can be expressed as;
F(x) = ax? + bx + ¢, and a is not equal to zero.

Where a, b, ¢ are constant, and x is a variable.

Example, f(x) =2x%2+x - 1atx =2

lfx=2f(2)=222+2-1=9



For Example: y = x2

Quadratic function, f(x) = x2

Cubic Function

A cubic polynomial function is a polynomial of degree three and can be
expressed as;

F(x) = ax3 + bx2 + cx + d and a is not equal to zero.

Cubic Function

Cubic function, y = x2



3. Application in Economics

By applying the above method, the demand and supply
functions are obtained.

Demand Function: Qd = f (Px ) where Qd stands for Quantity
demand of a commodity and Px is the price of that commodity.

Supply Function: Qs = f (Px) where ‘Qs’ stands for Quantity
supplied of a commodity and Px is the price of that commodity.

In the example 12.1 the equation Y -5X + 12 has been obtained.
It 1s a linear function.

Since slope 1s negative here, this function could be a demand
function.



Demand Line
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Diagram 12.2

Price-quantity relationship is negative in demand function.

Qd=12-5X orQd = 12-5P. IfP =2, Qd = 2.

When P assumes 0, only 12 alone remains in the equation. This

is called Intercept or Constant, if P = 0 and Qd = 12.

In Marshallian analysis, money terms measured in Y-axis and
physical units are measured in X-axis. Accordingly, price is
measured in Y-axis and quantity demanded is measured in X-

axis

Example: 12.2

Find the supply function of a commodity such that the quantity
supplied 1s zero, when the price is Rs.5 or below and the supply
(quantity) increases continuously at the constant rate of 10 units

for each one rupee rise when the price is above Rs.5.



Solution:

To construct the linear supply function atleast two points are
needed. First data point of supply function i1s obtained from the
statement that the quantity supplied is zero, when the price
is Rs.5, that is (0, 5).

The second and third data points of supply function can be
obtained from the statement that supply increases 10 units for
each one rupee rise in price, that is (10, 6) & (20, 7).

Supply Line
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When p = 5, supply 1s zero. When p = 6, supply is 10 and so on.
When p i1s less than 5, say 4, supply is -10, which is possible in
mathematics. But it is meaningless in Economics. Normally
supply curve originates from zero, noting that when price is
zero, supply 1s also zero.



4. Equilibrium

The point of intersection of demand line and supply line is
known as equilibrium. The point of equilibrium is obtained by
using the method of solving a set of equations. One can obtain
the values of two unknowns with two equations. At equilibrium
point,

Demand = Supply
(These are hypothetical examples)

100-10p =50+ 10p

100-50 = 20p

50 =20p

p=2.5

When p = 2.5, Demand = 100-10 (2.5) =75
When P = 2.5, Supply = 50 +10 (2.5) =75



Diftferentiation Calculus:

Differential Calculus: The Concept of a
Derivative:

The derivative dY /dX or more precisely the first
derivative of a function is defined as limit of the ratio
AY /AX as AX approaches zero. Thus

dY/dX = limit AX—>0 AY/AX

The derivative of a function shows the change in value
of the dependent variable one unit change in the
independent variable (AX). Note that derivative of a
function [Y=1f (X)] is also written as d (fX) / dX. Or f’

(X).

This may be explained with the help of following
diagram

Fig 5.6. Finding Denvative of a Function (Y = 1(X) at a point



Thus, derivative dY/dX is slope of a function whether
it is linear or non-linear and represents a change in
the dependent variable due to a small change in the
independent variable. The concept of a derivative is
extensively used in economics and managerial
decision making, especially in solving the problems of
optimisation such as those of profit maximisation,
cost minimisation, output and revenue maximisation.

Rules of Differentiation:

Process of finding the derivative of a function is called
differentiation. As stated above, derivative of a
function represents the change in the dependent
variable due to a infinitesimally small change in the
independent variable and is written as dY / dX for a
function Y = f (X). A series of rules have been derived
for differentiating various types of functions. We
describe below these rules of differentiation.

Derivative of a Constant Function:
A constant function is expressed as
Y=f(X)=a

Where ‘a’ is constant. The constant ‘a’ implies that Y

does not vary as X varies, that is. Y is independent of
X. Therefore, the derivative of a constant function is

equal to zero. Thus, in this constant function

dy/dx =0



For example, let the constant function be Y = 2.5

This is graphed in Figure 5.7(a). It will be seen that a
constant function is a horizontal straight line (having
a zero slope) which shows that irrespective of the
value of the variable X, the value of Y does not change
at all. Therefore, derivative dY/dX = o.
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Fig. 5.7. (al Graph of a Constant Funchon

Derivative of a Power Function:
A power function takes the following form:
Y = aXb

Where a and b are constants. Here a is the coefficient
of the X term and the variable X is raised to the power



b. The derivative of this power function is equal to the
power b multiplied by the coefficient a times the
variable X raised to the power b — 1. Thus rule for the
derivative of power function (Y = a Xb) i

dY / dX = b. a. Xb-

Let us take some examples of determining the
derivative of a power function.

First, take the following power function:
Y=15X

In this function 1.5 is the coefficient of variable X, that
is, a and the power b of X is 1 (implicit). Using the
above rule for the derivative of a power function we
have

dY /dX=1X15X1-1=1X1.5X0=15Xo0=1.5

This is graphically shown in Figure 5.7(b). It will be
seen from this figure that slope of the linear function
(Y = 1.5 X) is constant and is equal to 1.5 over any
range of the values of the variables X.



Quadratic Power Function:

Let us take the following example of a power
function which is of quadratic type:

Y=X:
Its derivative, dy/ dx =2X2-1 = 2X1 = 2X
To illustrate it we have calculated the values of Y,

associated with different values of X such as 1, 2, 2.5
and -1, -2, -2.5 and have been shown in Table 5.3.
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Fig. 5.8. Graph of a Quadratic tunction

We have plotted the values of X and corresponding
values of Y to get a U-shaped parabolic curve in Figure
5.8. It will be seen that derivative dY / dX or, in other



words, slope of this quadratic function is changing at
different values of X.

Some other examples of power function and
their derivatives are:

For power function,
Y =3X¢

dy
= . 2-1 _
I 2x3.X 6X

For power function: Y=X

i—\,y=5x1.x’><l-5)6

For power function; Y=X

ay
E;,=lxl}(1"=lxl.x{’-l

It should be noted that any variable raised to the zero
power (as in our example Xo) is equal to 1

For power function,
Y =3X-2

dY /dX =-2x3.X-2-1=-6X-3



Derivative of a Sum or Difference of Two
Functions:

Suppose, Y = fiX) + g(X)

Where fX) and g(X) are the two unspecified functions and Y is the sum of the two
functions. Then the derivative of their sum is
ay dA X) . dd X)
aX dX dX
Likewise. the derivative of the difference of the two or more different functions is the
difference of their separate derivatives. Thus, if

Y= fX-dX
the d_Y.= dRX) ddX)
n ax~ dx  dX
To illustrate, we take some examples.
If, Y=4X2 + 5X
) dY
then 3-)?=2x4)(2"+lx5)(“1=8X+5
If Y=5X2-2X5
ayY
X 10X - 10X3

Now. consider the following profit function where each of the three terms represents a
function

n =40 + 140Q - 10Q?
Where & stands for profit and Q for level of output. Then, derivative of profit (x) with
respect to output (Q is

dr

=140-20 Q

Note that derivative of a constant (40} is zero, derivative of 140 Q is 140 and derivative
10Q%=20 Q.

The derivative of a sum of the two functions is equal to

the sum of the derivatives obtained separately of the
two functions.



Derivative of a Product of the Two Functions:

Suppose Vis the product of the two separate functions
f (X) and g(X).

Y=f (X). g (X)

The derivative of the product of these two functions is
equal to the first function multiplied by the derivative
of the second function plus the second function

multiplied by the derivative of the first function. Thus,

ar_ dﬂ"" X
AX. + 4X). X
For example, take the followlng functlon
Y=5X(2X+ 3

f(X) = 5X2 and g(X) = (2X + 3) are the two functions. Then, derivative of the product of
these two functions,

ay d2X+3) a{sf)
5 =5X%, o t@X+ 3 =
% =5X22 + (2X + 3).10X
= 10X? + 20X2 + 30X
= 30X? + 30X
=30(X2+ X
Take another example of the product rule. Let
Y=(X3+ X2+ 52X+ 3
then, g=0@+}@+5).%+(2)(2+3).d()‘a;?.e+5’

= (X 4+ X245 .4X+(2X2+3).13X2 +2X
= (4X +4X3 + 20X) + 6X3 + 9X2 + 4X3 + 6X

= 10X + 8X% + 9X2 + 26X



Derivative of the Quotient of the Two
Functions:

Suppose the variable 7is equal to the quotient of the
two functions f (X) and g(X). That is,

Y =£(X) / g(X)

(X =1)x5-(5X+2x1

(X -1
Y (5X-5)-(5X+2)
ax (X172
_dY  5X-5-5X-2
I ST
dY -7
Take another example. Let
5~2X
T2
ten o 2O e 0
dx = tzxz)z
2X° (-2 -15-2X).4X
) axt
X - 20X+ 8X°
) axt
_4XE-20X _4X(X-5)
T oA axie
X-5

=—,\3"



Derivative of Function of a Function (Chain
Rule):

When a variable Y is function of a variable U which in
turn is related to another variable X, and if we wish to
obtain a derivative of Y with respect to X, then we use
chain rule for this purpose. Suppose variable Vis a
function of the variable U, thatis, Y = f (U) and
variable U is a function of variable X, thatis, U=g¢g
(X). Then, to obtain the derivative of Y with respect to
X, that is dY / dX, we first find the derivative of the
two functions, Y = f(U) and U = g(X) separately and
then multiply them together. Thus,

For function, Y=fU)
4 dAy)

& dv

For function, U= glX
U HN

dx = dX

Thus, according to the chain rule if Y= f(U)
and U = g(X), then derivative of Y with respect
X, can be obtained by multiplying together the
derivative of Y with respect to U and the
derivative of U with respect to X

Let us take some examples to illustrate this chain rule

Suppose Y = U3z + 15 and a = 3X>



Let us take some examples to illustrate this chain rule
Suppose Y= L8 + 15and U = 3X?

9y _dv U
aX 4t dx

h @y AP +15) d3XP)
e X~ T dU T ax
Substituting U = 3X? in the above we have

= 3U% . 6X

dy N7
P 3.(3X*)* . 6X

=3.9X% . 6X
= 27%% X
= 162X3



Integration

Integration of Constant

Integration of constant function say ‘a’ will result in:
Jadx=ax+C

Example:

JAdx=4x + C

Integration of Variable

If X is any variable then;

Jxdx=x2/2+C

Integration of Square

If the given function is a square term, then;
Jx2 dx = x3/3



Application of Integration in Economics and
Commerce.

Integration helps us to find out the total from the marginal. It 1s
possible to find out consumer’s surplus and producer’s surplus
from the demand and supply function. Cost and revenue
functions are calculated through indefinite integral.

We learnt already that the marginal function is obtained by
differentiating the total cost function. Now we shall obtain the
total cost function when marginal cost function is given, by
integration.

1. Cost functions from marginal cost functions

2. Revenue functions from Marginal revenue functions
3. The demand functions from elasticity of demand

4. Consumer’s surplus

5. Producer surplus

Cost functions from marginal cost functions

If C is the cost of producing an output x, then marginal cost
function MC = dc/dx

Using integration, as the reverse process of differentiation, we
obtain,

Cost function C = | ( MC ) dx + k
Where £ 1s the constant of integration which is to be evaluated,

Average cost function AC = C/X, x #0



Example 3.9

The marginal cost function of manufacturing x shoes is
6 + 10x — 6x2 . The cost producing a pair of shoes 1s X12. Find
the total and average cost function.

Solution:

Given,

Marginal cost MC =6 + 10x — 6x2
C=]MCdx+k
=[(6+10x—6x2 ) dx +k
=6x+5x2—-2x3+k(l)

When x= 2, C = 12 (given)
12=12+20-16+k

k=-4

C=6x+5x2—-2x3—-4

C 6x+5x"—2x"—4
Average cost = — =
X X

s 4
=64+5x—-2x"——
X



Example 3.10

A company has determined that the marginal cost function for a
product of a particular commodity 1s given
by MC = 125 + 10x = x2/9 where C rupees is the cost of

producing x units of the commodity. If the fixed cost is 250
what is the cost of producing 15 units.

Solution:
o
MC = 1254+10x ——
9
C =jMC dx + k
xl
=J.(125+10x—-9— ]dx+k
x3
=125x+5x> ——+k
20
Fixed cost k =250
5
C =125x+5x% — 2—+250
27
When x=15

, (15)°
C =125(15)+5(15)° —%uso

=1875+1125-125+250
C =33,125



Example 3.11

The marginal cost function MC = 2 + 5Sex (1)
Find C if C (0)=100 (i1) Find AC.

Solution:
Given MC = 2+5¢"
C= j MC dx + k
=j(2+5e"‘) dx +k
=2x+5e" +k

x=0= C=100,

100 =2(0)+5(e°)+k

k=95

C=2x+5¢e"+95.

C 2x+5¢"+95
Average cost = — =
X X

5¢° 95
+—.
X X

AC =2+



Revenue functions from Marginal revenue functions

If R 1s the total revenue function when the output is x, then
marginal revenue MR = dR/dx Integrating with respect to © x ’
we get

Revenue Function, R = | ( MR ) dx + k.

Where ‘k’ 1s the constant of integration which can be evaluated
under given conditions, when x = 0, the total revenue R = 0,

Demand Function, P=R/x, x #0

Example 3.16

For the marginal revenue function MR = 35 + 7x — 3x2, find the
revenue function and demand function.

Solution:

Given MR = 35+7x—3x"

=
I

[ (MR) dx+k

- j(35+7x—3x2) dx +k

-

i = 35x+éx2-x3+k
Since R =0 when x = 0, k=0
- 3
R =35x+-x*-x’
2
y R
Demand function P =—

X

3 >
P=35+—x—x".
2



To find the Maximum Profit if Marginal Revenue
and Marginal cost function are given:

If ‘P’ denotes the profit function,

AL, M L

dx dx dx dx ,

then Integrating both
sides with respect to x gives , P = [( MR = MC ) dx + k

Where £ 1s the constant of integration. However if we are given
additional information, such as fixed cost or loss at zero level of
output, we can determine the constant £&. Once P i1s known, it
can be maximum by using the concept of maxima and minima.

Example 3.18

The marginal cost C ' ( x) and marginal revenue R ' ( x) are
given by C ' ( x) = 50 + x/50 and R' ( x)= 60 . The fixed cost
is I200. Determine the maximum profit.

Solution:
Given C(x) = IC’(x )dx +k,

- j(50+i)dx +k,
50

C(x) = 50x+— +k,
100

When quantity produced is zero, then the fixed cost is 200.
1.e. When x=0,c¢c=200
k1 =200



2

Cost function is C(x) = 50x+ % +200 (1)
The Revenue R'(x) =60
R(x) = [R(x)dx+k,
= j 60 dx+k,
= 60x + k,
When no product is sold, revenue = 0

i.,e. When x=0.R=0.

Revenue R(x) = 60x (2)
Profit P = Total Revenue - Total cost
2
= 60x—50x — —200
100
2
= 10%< 2= <200
100
d
L lO—-i
dx 50
. dp
To get profit maximum, === 0 = |x=500.
X
- I,) M)
dx” 50

Profit is maximum when x =500 and

(500)° s
0

Maximum Profit is P = 10(500)—



=5000 — 2500 — 200
=2300
Profit =3 2,300.

Example 3.19

The marginal cost and marginal revenue with respect to

commodity of a firm are

given

by C'(x) =8+ 6xand R ' ( x)= 24. Find the total Profit given

that the total cost at zero output 1s zero.
Solution:

Given MC =8 + 6x
E{x] = I(S - 6x)dx+ k,
= 8x+3x" +k, (1)
But given when x=0,C=0 = k=0
C(x) = 8x+3x°> (2)
Given that MR =24
R(x) = [ MR dx +k,
= [24dx +k,
= 24x + k,
Revenue =0, when x=0 = k,=0
R(x) = 24x (3)
Total Profit functions P(x) = R(x) - C(x)
P(x) = 24x —8x— 3x’

= 16x — 3x*



Example 3.20

The marginal revenue function (in thousand of rupees ) of a
commodity is 10 + e—0. 05x Where x i1s the number of units
sold. Find the total revenue from the sale of 100 units
(e=5=10.0067)

Solution:
Given, Marginal revenue R ' ( x) = 10 + ¢—0 .05x
Total revenue from sale of 100 units is

100

R = I(lO+e"°'°S'”)c1.t

0

E ~0.05x 1%
=[10x+
—0.05
L A0
( -5 )
= [ 1000- < —(0—@)
| 0.05) 5
= 1000 + 20 — (20 X 0.0067)
=1019.87

Total revenue = 1019.87 x 1000

=310,19,870



Inventory :

Given the inventory on hand 7/ ( x ) and the unit holding cost
(C1), the total inventory carrying cost is C1 ofTo I (x )dv,
where T is the time period under consideration.

Example 3.22

A company receives a shipment of 200 cars every 30 days.
From experience it is known that the inventory on hand is
related to the number of days. Since the last
shipment, / ( x)= 200 — 0.2x . Find the daily holding cost for
maintaining inventory for 30 days if the daily holding cost is

3.5

Solution:
Here I(x) =200 -0.2x
C, =¥3.5
T =30

r 30
G I (x)dx =3.5 j (200 —0.2x)dx
0

0

Total inventory carrying cost

( 30

-

0.2x
3.5| 200x — —— = 20,685
\ 2 ),




Index Numbers:

Meaning of Index Numbers:

[tis a statistical device that measure the changes in the
general price level.

Price index number indicates the average of changes in
the prices of representative commodities at one time in
comparison with that at some other time taken as the
base period.

Steps in the Construction of Price Index Numbers:

1. Selection of Base Year:

"The base year is defined as that year with reference to
which the price changes in other years are compared and
expressed as percentages. 'The base year should be a
normal year.

2. Selection of Commodities:
Only representative commodities should be selected

keeping in view the purpose and type of the index
number.



3. Collection of Prices:

(a) Prices are to be collected from those places where a
particular commodity is traded in large quantities.

(b) Published information regarding the prices should
also be utilised,

(¢) Information about prices should not be not biased.

(d) Selection of wholesale or retail prices depends upon
the type of index number to be prepared.

(e) Prices collected from various places should be
averaged.

4. Sclection of Average:

Since the index numbers are, a specialised average,
therefore suitable average to be chosen . Theoretically,
geometric mean is the best for this purpose. But, in
practice, arithmetic mean is used because it is easier to
follow.



5. Selection of Weights:

Generally, all the commodities included in the
construction’ of index numbers are not of equal
importance. Therefore, if the index numbers are to be
representative, proper weights should be assigned to the
commodities according to their relative importance.

FFor example, the prices of books will be given more
weightage while preparing the cost-of-living index for
teachers than while preparing the cost-of-living index for
the workers. Weights should be unbiased and be
rationally and not arbitrarily selected.

Construction of Price Index Numbers

1. Simple Aggregative Method:

In this method, the index number is equal to the sum
of prices for the year for which index number is to be
found divided by the sum of actual prices for the base
year.



Formula:-
P
Py = —=Xx 100
s
Where Py Stands for the index number
2P, Stands for the sum of the prices for the year for which index number is to be found :

ZP; Stands for the sum of prices for the base year.

Prices in Base Prices in current

Commodity Year 1980 (in Rs.) Year 1988 (in Rs.)
Po P4
A 10 20
B 15 25
C 40 60
D 25 40
Total Py = 90 2ZP)= 145

Index Number (Pyy) = EP—'- x 100 ; Py = a3 X 100 ; Py, = 161.11
2P, 90

2. Simple Average of Price Relatives Method:

In this method, the index number is equal to the sum of
price relatives divided by the number of items and is
calculated by using the following formulaz

N

P
Where ZR stands for the sum of price relatives i. ¢. R= P—' x 100 and
0

N stands for the number of items,

Example
Base Year Current year Price Relatives
Commodity Prices (in Rs.) Prices (in Rs.)
Py
Py P, R= -ﬁ x 100
A 10 20 20+ 100 = 200.0
10
B 15 25 f—: x 100 = 166.7
60
— x 100 = 150.00
C 40 60 5 x 1 1
40 .
D 25 40 > x 100 = 160.0
N =4 IR = 676.7
] IR
Index Number (pg;) = —
N
676.7

Pm = —4— 5 POl = 169.2



3. Weighted Aggregative Method:

In this method, different weights are assigned to the items
according to their relative importance. Weights used are the
quantity weights. Many formulae have been developed to estimate
index numbers on the basis of quantity weights.

Some of them are explained below:

(i) Laspeyre’s Formula. In this formula, the quantities of base year are accepted as weights.

= 2P0 o 109
ZPyq0
Where Py is the price in the current year ; Py is the price in the base year ; and g is the quantity
in the base year.
(ii) Paasche’s Formula. In this formula, the quantities of the current year are accepted as weights.

POI = % X 100
ZPoq
Where g, is the quantity in the current year.
(iify Dorbish and Bowley’s Formula. Dorbish and Bowley’s formula for estimating weighted index
number is as follows :
ZPigo , ZPg

szwxloo or p01=L;P

Pyy

Where L is Laspeyre’s index and P is paasche’s Index.
(iv) Fisher’s Ideal Formula. In this formula, the geometric mean of two indices (i.c., Laspeyre’s Index
and paasche’s Index) is taken :

po1 = IMx%x 100 or Po=+JLxXPx100
ZPyqo0  ZPyq,

where L is Lespeyre’s Index and P is paasche’s Index.

Example
Base Year Current Year
Comm- : Pogo P1qo Pogs P1gy
odity Po 9 Py qi
A 10 5 20 2 50 100 20 40
B 15 4 25 8 60 100 120 200
C 40 2 60 6 80 120 240 360
D 25 3 40 4 75 120 100 160
Total 265 440 480 760
ZPyq0 ZPiq0 ZPoqy ZPiqy

(7) Laspeyre’s Formula :
Por = M X 100
ZPyqq

por =30 o 100 = 166.04
265



(if) Paasche’ Formula :

por = =PI 5 100

700
=—Xx 100 =158.3
Po1 180

(iii) Dorbish and Bowley’s Formula :
ZPiqo , ZPig
_ ZPogo  ZPyq,

Po1 X 100 = 162.2

440 , 760

¥ e—

Poi =L,,‘”‘0-xloo=162

-

(sv) Fisher's Ideal Formula :

Po1 = sz""’ x ZR91 o 100
2P0  ZPyqy

por = 330 o 760 o 100 = 162.1

265 480

4. Weighted Average of Relatives Method:

In this method also different weights are used for the
items according to their relative importance.

Formula:

_ IRW
Po = Tw

where ZW stands for the sum of weights of different commodities :
and R stands for the sum of price relatives.

Index Number (Py,) =

W
_ 24468
14

Pol =174.8

Commodity | Weights Base Current Price Relatives
w Prices Year | Year Prices b RW
1
P P R=5 X100
0 1 Po
A 5 10 20 20/10 x 100 = 200.0 1000.0
B + 15 25 25/15 x 100 = 166.7 666.8
C 2 40 60 60/40 X100 = 150.0 300.0
D 3 25 40 40/25 x 100 = 160.0 480.0
Total ZW=14 ZRW = 2446.8
ZRW




Industrial Production Index(IPI)

The index of industrial production measures the
change of industrial production relative to a base year.

Unlike WPI and CPI, this index number focuses on
production rather than price. It is a useful tool to
measure the industrial growth of an economy.

Constructing an IPI

A difference between the construction of an IPI and
other indices is the approach towards how weights are
considered. For an IPI, weights are assigned according
to the output of industries and their contribution to the
national income. The following formula 1is used:

Index number of industrial production =
QERW+YW)x100

Here, R= Ratio of level of production in current year
to the level of production in base year

W= Assigned weights



In india The Eight Core industry includes Natural Gas,
Coal, Refinery Products, Crude Oil, Cement,
Electricity, Steel, and Fertilizers. "T'hese industries are
termed as the core industries owing to their strong
impact on the general economic activities and the other
industrial activities.

These industries comprise a total of 40.27% of the total
weight of the overall items that are included in the 1P .

"The Index of Eight Core Industries highest weight is
currently possessed by the Refinery Products Industry.
Earlier the highest weightage was given to the
Electricity Industry. In the decreasing order of the
weightage of these industries, the list is stated as below:

Refinery Products Industry

Electricity Industry

Steel Industry

Coal Industry

Crude Oil Industry

Natural Gas Industry

Cement Industry

Fertilizers Industry



Current Figures of Weightage of Eight Core Industries

The weightage figures are stated below in decreasing order.

Industry Weightage Percentage
Refinery Products Industry

Electricity Industry

Steel Industry

Coal Industry

Crude QOil Industry

Natural Gas Industry

Cement Industry

Fertilizers Industry

28.04%

19.85%

17.92%

10.33%

8.98%

6.88%

5.37%

2.63%



SEQUENCE & SERIES

1. Meaning of a Sequence:-

A sequence is an ordered list of numbers which follow a particular rule or
pattern.

The numbers are called terms of the sequence.

Example:
2,4,6,8,10, ... is a sequence of even numbers.

If a sequence is denoted as al ,a2 ,a3 ,..., then an is called the nth term.

Mathematically:
A sequence is a function from the set of natural numbers to the set of real numbers:

f:N—R f(n)=an
B9 (Sequence) ST 1 T FfLd A & Tt BIdT & A1 fopelt Faw A 9o &7 uTei &ed &1
Ud% G&AT 61 U (Term) HET AT 8|

IR 2, 4.6, 8,10, ... T2 T GEIT FTHT 2| AL IS Bl al a2 a3 ... q ZINITATE, a¥ an BT nal
Y el AT 2

2. Arithmetic Progression (A.P.)

English:

A sequence is called an Arithmetic Progression (A.P.) if the difference between any two
consecutive terms is constant.

That constant difference is called the common difference (d). a,a+d,a+2d,a+3d,...

Formulas:
. Sum of n terms (Sp): Sn =n/2 [2a+(n—1)d]

Example:
Find the sum of first 10 natural numbers.
— a=1,d=1,n=10,

S(10) =10/2 [2(1)+(10-1)(1)]=5(11)=55



¢ nth term (general term): a,, = ar™ 1.

(where a = first term, 7 = common ratio)
» Sum of first nterms (r # 1):
1—r"

Sn:a+ar+ar2—{—---—|—ar”_1:a1 .
—7

 Sum to infinity (only if |r| < 1):

e Find common ratio (if a; and a,, given):

Geometric Progression (G.P.)

A sequence is called a Geometric Progression (G.P.) if the ratio between any two
consecutive terms is constant. That constant ratio is called the common ratio (r).
a, ar, ar2, ar3,...

Formula:-

Given a geometric progression with first term a; = 5 and common ratio » = 2.
(a) Find the 6th term ag.
(b) Find the sum of the first 6 terms S.

Solution

Formulae:

a, = a;r™ L.

S, = ay 11__T: (forr # 1).

(@)ag =5-25"1 =5.25,
Compute 2° = 32.Soag = 5 x 32 = 160.

(b) Sg =5 - 12
Compute 2% = 64. So numerator 1 — 64 = —63. Denominator 1 — 2 = —1.

Thus Sg = 5- =% =5 .63 = 315.

Answer: ag = 160, Sg = 315.



Example-1

Example -2

For a G.P. let Sy (sum of first 2 terms) be 10 and Sy (sum of first 4 terms) be 40. Find the common ratio r

(assume r > 0).

Solution

S n
Key identity: % =1+ r™ (derived from S,, = all__’"r ).
n

S
Here take n = 2. So - 1+ r2.
Sy

4
Compute ratio: 1—8 =4.%4=1+7r*=r2=3.

Hence r = v/3 ~ 1.732051 (positive root as given).

Answer: 7 = /3 ~ 1.732051.



Example-3

A firm will receive a royalty of 2100 at the end of year 1, and each subsequent year the royalty grows by
5% (i.e., growth rate g = 0.05). If the discount rate is 12% per year, what is the present value (PV) at

time O of these perpetual growing royalties?
Solution

This is a growing perpetuity with first payment A; = 100, growth g = 0.05, discount? = 0.12, and 7 >
g. Formula:
A
PV =L,
t—g
100 ~ 100
0.12—-0.05  0.07

So PV =

Compute: 100/0.07 = 1428.5714285714287... Round to two decimals: ¥1428.57.
Answer: PV =~ ¥1,428.57.

(Economic note: formula assumes payments start at end of first period and growth is constant and

perpetual; standard in valuation problems.) \Z



MAXIMA AND MINIMA.

1. Concept Overview / g

In optimization problems, we often want to find the maximum or minimum value of a function.
For example, a consumer wants to maximize utility, or a firm wants to maximize profit or
minimize cost.

Optimization problems H &R feHT function PT maximum T minimum value T ATEd £l
I2TET0T o ToTQ, SUMTERAT 3TOHT WP (utility) T ATEIBAH HT TEdT € 9T HH A (profit) HT
ATEIPBAT / R (cost) BT =FAAH BT ATed! €|

2. Types of Optimization

Type Description Example
Unconstrained - . Profit maximization without
o . No external restriction or constraint. o e
Optimization capacity limit
Constrained Function is optimized subject to some Utility maximization subject to
Optimization constraint(s). budget constraint

Unconstrained Optimization (Single Variable)

Let f(x) be a differentiable function.

e First Order Condition (FOC):

df(z) _
de 0
» Second Order Condition (SOC):
d* f(z)
dx?

e If <0, then maximum
e If >0, then minimum

o If =0, test fails (check higher-order derivatives)



Example:-

Let f(z) = —x® + 62+ 5

Step 1:
fllx)y=-"2x+6=0=>2=3

Step 2:
f”(CU) = —2 < 0 = Maximumatx=3

Value: f(3) = -9+ 18+5=14

So, maximum value=14 atx =3

Unconstrained Optimization (Two Variables)

Let f(x,y) be a function of two variables.

First Order Conditions (FOC):

of _, Of _,

or 0Oy
Second Order Conditions (SOC):

Compute the Hessian determinant (H):

H= fzxfyy - (fmy)2

Condition Nature of Point
H>0and f,; <0 Maximum

H >0and f,; >0 Minimum
H<O0 Saddle point

H=0 Inconclusive



« Example 2 (Two Variable Unconstrained):
Let f(z,y) = 10z + by — z* — 3
Step 1 (FOC):
fr=10-2z=0=x=5
fur=56-2y=0=y=25
Step 2 (SOC):
Joa = =2, fyy = =2, fay =0
H=(-2)(-2)—-0=4>0and f,, <0
Maximum at (5, 2.5)

Value:
f(5, 2.5) = 10(5) —+ 5(2.5) — 25 —-6.25 =50+ 12.5 —31.25 = 31.25
NP

Constrained Optimization (with Lagrange Method)

We want to maximize or minimize f(z, y) subject to a constraint g(z,y) = 0.

We form the Lagrangian Function:

L(z,y,\) = f(z,y) + A[k — g(z,y)]
Then, we solve:

o _
or



Example 3 (Constrained Optimization):

Maximize: U=XY, Subject to: 2X+Y=100

Step 1:
£:XY+/\(100—2X—Y)

Step 2 (FOC):

oL

—— =Y -2\ = Y =2
X A=0= A
oL

_— = —_ _= X:

5y X - )A=0= A
oL

— =100—2X -Y =0

o\

Substitute X = A\, Y = 2A:
100 —2A —2X =100 —4A=0= XA =25
X =25,Y =50

Maximum Utility at (X, Y) = (25, 50)
U=25x50=1250



Meaning of a Matrix / ﬁ'@WW aref

English:

A matrix is a rectangular array of numbers (or elements) arranged in rows and columns.
It is usually denoted by a capital letter (A, B, C, ...) and its elements by small letters with
subscripts, e.g.,aij .

ailz a2 ai
A= 3
a1 QG2 Q23

Here,

* a;j: elementin the i-th row and j-th column.

» The above matrix has 2 rows and 3 columns, so it's a 2x3 matrix.

TYPES OF MATRICES

@ 1. Row Matrix (dferT #feerm)

o Definition:

A matrix having only one row and any number of columns.

A - [a’lh A12,A13, -+, a’ln]
o Example:

A =12,5,7]
e Order:1xn
e In Economics:
Used to represent a set of coefficients or data for a single observation (e.g., prices of different

goods at a single time).



4 2. Column Matrix (&M #fgaT)
» Definition:
A matrix having only one column and any number of rows.

ail
a21
B = |91
| Gn1
* Example:
3
B= 14
5

e Order:nx1
* In Economics:

Used to represent a variable vector, like a vector of quantities demanded, prices, or output levels.

4 3. Square Matrix (a7i®R AféaT)

o Definition:

A matrix having equal number of rows and columns.

nxn

nE

Appears in input-output models (Leontief model) and determinant-based system of equations.

e Example:

e In Economics:

@ 4. Rectangular Matrix (3TadTeR #fga)
» Definition:

A matrix with unequal rows and columns.

mxmn, m#n
e Example:
2 5 7
A= 4
e In Economics:

Used in data representation, e.g., demand data for multiple goods and consumers.



@ 5. Diagonal Matrix (&4 fadasuf #fam)
o Definition:

A square matrix in which all non-diagonal elements are zero.

ail 0 0
A= 0 a2 0
0 0 ass

e |n Economics:

Represents independent relationships, e.g., cost functions where variables don't interact.

@ 6. Scalar Matrix (¥peR Hfee)
» Definition:

A diagonal matrix where all diagonal elements are equal.

ol ]

]

Represents uniform scaling — e.g., when all sectors grow at the same rate.

 Example:

e In Economics:

@ 7. Identity Matrix / Unit Matrix (Ve RfgaT)
» Definition:

A square matrix in which all diagonal elements are 1, and others are 0.

I =

SO =
o = O
= o O

e Property:
AxI=AandI x A=A
e [n Economics:

Used in Leontief inverse (I — A)™ in Input-Output analysis.



@ 8. Zero or Null Matrix (2 Afga=)
o Definition:

A matrix in which all elements are zero.

0 0
0 0

* Property:
A+0=A
e In Economics:

Represents no effect or zero interactions among variables.

@ 9. Triangular Matrix (FoTT #Af¢a)

(a) Upper Triangular Matrix
All elements below the main diagonal are zero.

2 3 1
A=10 5 7
0 0 4
(b) Lower Triangular Matrix
All elements above the main diagonal are zero.
3 0 0
B=12 4 0
1 6 7

e In Economics:
Used in decomposition of systems (LU decomposition) and solving simultaneous equations

efficiently.



# 10. Symmetric Matrix (Ir=7 #fge)

Definition:

A square matrix that satisfies A’ = A (transpose equals itself).

Qij = Qi

-

Appears in variance-covariance matrices, quadratic forms, and optimization problems.

Example:

In Economics:

@ 11. Skew-Symmetric Matrix (fada-ar=r #féa)

Definition:
A square matrix that satisfies A’ = —A.
azz] — a]z
Example:
0 2
A=
Property:

Diagonal elements are always zero.
In Economics:

Used in mathematical modeling and differential systems.



€ 12. Singular and Non-Singular Matrices

» Singular Matrix:
Determinant = 0 = Not invertible.
e Non-Singular Matrix:
Determinant # 0 = Invertible.
e In Economics:
When solving equations like AX = B,
e If Ais non-singular = unique solution.

e |f Ais singular = no or infinite solutions.

€ 13. Idempotent Matrix
 Definition:
A matrix A such that A2 = A.
 Example:

s ]

Used in econometrics — projection matrix in OLS estimation P = X (X'X )1 X’ is idempotent.

¢ In Economics:

€ 14. Involutory Matrix

o Definition:
A2 =1

 Example:
0 1
A=

Rare, but appears in transformation models or reversible mappings.

e In Economics:



¢ 15. Orthogonal Matrix
e Definition:
A matrix A suchthat A’A = AA' = 1.
(Transpose = Inverse)

¢ In Economics:
Used in Principal Component Analysis (PCA) and factor analysis for orthogonal transformations.

Basic Operations on Matrices

1. Addition and Subtraction of Matrices

Rule: Two matrices can be added or subtracted only if they are of the same order (i.e., same number
of rows and columns).

Example:

Economic Application:
« Combining cost matrices, input-output data, or utility values from different sectors.

Example: Total production of two firms across two goods.



2. Scalar Multiplication

Definition: Each element of a matrix is multiplied by a scalar constant k.

kA = [k X aij]

vl il s

* Representing changes in price or output levels due to inflation or scaling factors.

Example:

Economic Application:
Example: If inflation rate doubles the cost, the cost matrix is multiplied by 2.

3. Matrix Multiplication

Rule: If A is of order m X nand Bisn X p, then ABism X p.

(AB)i; = ) auby
k=1

2 1 4 5

SR
(2x4+4+1x2) (2x5+1x1) (10 11
(0x4+4+3x2) (0x5+3x1)| |6 3

Example:

ap - |

Economic Applications:

* Input-Output Analysis (Leontief Model):
The output vector = (I — A) 1D, where
A = input coefficient matrix,
D = final demand vector,
(I — A)~1 = Leontief inverse.
» National Income Accounting: Y = AX ¢

* Production and Consumption relations



4. Transpose of a Matrix

Definition: The transpose of matrix A (denoted A’ or AT) is obtained by interchanging rows and

columns.
1 4
A:[l 2 3]:,14’: 2 5
3 6

Economic Application:

» Used to switch between row and column representations of data.

Example: Changing data from “goods by industries” to “industries by goods.”

5. Determinant of a Matrix

Definition: A scalar value that can be computed from a square matrix; denoted as |A|

For a 2x2 matrix:

A= [‘cl Z] A| = ad — be

Economic Application:

« Used in solving simultaneous linear equations in equilibrium analysis.

Example: Market equilibrium of two goods using Cramer's rule.

6. Inverse of a Matrix

Definition: For a square matrix A, if there exists a matrix A~! such that
AA Y =A1A=1T
then A~ ! is the inverse of A.

Formula for 2x2 matrix:

1 d -b
Al
ad — be [—c a }
Economic Applications:

¢ Leontief Input-Output Model:
X = (I — A)"'D - used to find total output required to meet final demand.

¢ Solving Economic Equilibrium Equations (like IS-LM or General Equilibrium systems).



Input-Output Analysis

Input-Output Analysis is an analytical framework developed by Wassily Leontief to study the
interdependence among different sectors of an economy.

It shows how the output of one industry is used as an input by another and helps to analyze the flow
of goods and services within the economy.

It is represented through an Input-Output Table (or Matrix) which records the transactions
between industries and helps in understanding how changes in demand in one sector affect output
levels in others.

Key Idea:
Each industry both produces output and uses inputs from other industries — creating an interlinked
system of production.

Uses:
*  To study inter-industry relationships
*  To estimate impact of policy changes or investments

e  To analyze structural changes in the economy

e AN S LA (A Tawawor (Input-Output Analysis) T [ISATUTHS UGld g Tor8 et Aeiedis
(Wassily Leontief) 7 farasfaa fasar 2l

g feaee & fafi—T el (industries/sectors) P TET FiTar (interdependence) Pl gHE & Ty
T fRaT ST £

Tg T & o T JeT BT Icure TR 3eT o foTe Y2 % B H &y SUFT 2ar 2|
Y SAYE-IARLYE ATt (Input-Output Table AT Matrix) & U H TEId b1 ST 7, [H 3@ &
ElEGEES BRI

o faem:
TN 3T J&ANT H STYE T & HR T IRPTYL USH AT & — SH UBR AT H U URERD
HoY (interconnected system) FIAT B

ERDIUF
o Hife uftad ar faer & 99Td BT 31 & & g
o IefATET B HEATHS TRAA B! FASH F fdy




Assumptions of Input-Output Analysis

(A) In English

1.

Linear Production Function:
The relationship between inputs and outputs is linear. This means output increases in fixed
proportion with inputs — there are constant returns to scale.

Constant Technology:
The technology used in production does not change during the analysis period.

Fixed Input Coefficients:
Each industry uses inputs from other industries in fixed proportions — no substitution
among inputs is possible.

Two-Sector or Multi-Sector Economy:
The economy is divided into sectors (industries), each producing one homogeneous
commodity.

No Externalities:
Production and consumption activities of one industry do not affect others except through
market transactions.

Supply Equals Demand (Equilibrium Condition):
Total output of each industry equals the total demand for that industry’s product (both
intermediate and final demand).

Closed and Open Models:

0 Inaclosed model, households are included as both producers (of labor) and
consumers.

o In an open model, households are treated as external to the system.

No Inventory Changes:
It assumes that all produced goods are sold — there are no unsold stocks or changes in
inventory.

Perfect Competition:
Prices are assumed to be constant, determined by the equality of supply and demand.

(Input-Output FrFarsoT HY ArTaTd)

1.

2.

W IATEH BeAT (Linear Production Function):
STYZ AR ATSTYL P oI T W BT & — AT STYL T W ARYE HHM 0T H dgdTl &

(Constant Returns to Scale) |

ﬁ'ﬂiﬁﬁf@l’(% (Constant Technology):
TG bl AT H IS AP H Bls U Tl aldT|




3. ﬁ'ﬂﬂww (Fixed Input Coefficients):
TP e 31T IAI T TGS Bl HISd ST H IUFTT AT & — STYSH &b sid UTaeTo 69
Tl 2

4. J-apia Wﬂg—ﬁsﬁ'ﬂ refeaeRT (Two-Sector or Multi-Sector Economy):
refezraee o1 fIfi= &5 (Industries) B 91T SITAT 2, 3R Tedeh IENT Teb THH TS ST € |

5. IS 98 W 8T (No Externalities):
et ITT BT IATEH JT ST 31T I Bl YHTTad el BT, T TR oiHed & Jreaq 1|

6. 3MMgfd = wiT (G k)
TP IANT BT ol I ITBT Pl HIT (FEFAAT + 3HTH HITT) I SR 2IaT &

7. W3R GT q1ed (Closed and Open Models):
o WEHIEHA (Closed Model): TEE@T (Houscholds) 3TEe 3R ITHIRIT &A1 21l €|
o ATHIEHA (Open Model): TefERIT & & aTe? AT ST 21

8. I WSR UR&ad &l (No Inventory Changes):
I HHT AT & b T IR 9% ST & — Pi TTE9Y 1 =ik T81 Il

9. Hquf ufaeaat (Perfect Competition):
B TR wHT STt € 31k 3myfa @ Wi & gear & fraffa € 2

Basic Equations of the Model:

The total output of each sector = Intermediate demand + Final demand

X=AX+D
Rearranging,

X—-AX=D

(I-A)X=D

X=(I-A)"'D

Here,

« X: Column vector of total outputs
« A: Matrix of input coefficients [a;]
e D: Column vector of final demand

« (I — A)~!: Leontief Inverse Matrix



4. Example

Let the economy have two sectors:
Agriculture (1)
@ Manufacturing (2)

Given:

0.3 0.2 100
a=[oi o3 2= [w]

Find total output (X).

Step 1: Write formula
X=(I-A)"1D

Step 2: Compute (I - A)
T A— 1 0 B 0.3 0.2 _ 0.7 —-0.2
0 1 0.y 0.1 —-04 0.9

Step 3: Find inverse of (I - A)

([— A = 1 [0.9 0.2]

(0.7)(0.9) — (—0.2)(—0.4) [0.4 0.7

B 1 09 02] 1 [0.9 02
~0.63—0.08 |04 0.7 0.4 0.7

055
~ [1.636 0.364
~|0.727 1273

Step 4: Multiply by D

P [1.636 0.364] [100]

0.727 1.273| | 80

¥ — [(1.636 x 100) + (0.364 x 80)] _ [165.7]

(0.727 x 100) + (1.273 x 80) 229.8
Total Outputs:

e Agriculture = 165.7
e Manufacturing = 229.8



Interpretation (31?j‘)

An increase in final demand of 100 (Agri) and 80 (Manuf.) requires total outputs of 165.7 and
229.8, respectively, to satisfy both intermediate and final demands.

Difference & differential Equation

Difference Equations (Discrete Time Models)

A Difference Equation is an equation that expresses the relationship between the value of a
variable at one point in time and its value at another point in time (usually at the next or previous
period).

It is used to describe how an economic variable changes over discrete time intervals (like years,
months, or quarters).

General form: yt =f(yt-1 ,yt-2 ....)
Here,

yt = value of the variable (like income, output, or capital) at time t

yt—1 = value at the previous time period

f(-) = functional relationship describing how the variable evolves over time

Example 1: Simple First-Order Linear Difference Equation:

Y, = 0.8Y;_1 + 100

Here,

» Y;: National income in year ¢
« Y;_1: National income in the previous year
» (.8: Marginal propensity to consume (MPC)

» 100: Autonomous expenditure

Step [J): Assume initial income
Yy, = 500
Step @: Compute next few periods

Y; = 0.8(500) + 100 = 50(
Y5 = 0.8(500) + 100 = 50(

This system reaches equilibrium immediately at Y; ¥ 500.



Example 2: Non-equilibrium case

If Yy = 200,
Y1 = 0.8(200) + 100 = 260
Y, = 0.8(260) + 100 = 308
Y; = 0.8(308) + 100 = 346.4
Ast — o0,
Y, — 500
So the steady-state (equilibrium) value is
100
Y* = — =
1-0.8 500

~ Economic Interpretation:

This difference equation shows how income adjusts over time in a simple Keynesian model where
consumption depends on past income. The system J ergestoa steady-state equilibrium level of

income.

A second-order difference equation is a discrete-time dynamic model in which the current value of a

variable depends on its two previous values.
It takes the general form:
Yt = a1Ye—1 + aoys2 +b

Where:
e 1 = current value of the variable (e.g., income, output, consumption, etc.)
* Y1, Yo = first and second lagged values (previous periods)
e a1, as = constants (coefficients)

¢ b = constant term or external shock

. Interpretation:

This equation explains how the present value y; is determined by its two past values — capturing

momentum, oscillation, or stability over time in economic models.



Suppose the difference equation is:
Yy = 0.6y, 1 — 0.08y; »
with initial conditions:
yo = 100, y; =90

Let's find y and ys.
Step 1: Fort = 2:

y2 = 0.6(90) — 0.08(100) = 54 — 8 = 46
Step 2: Fort = 3:

ys = 0.6(46) — 0.08(90) = 27.6 — 7.2 =20.4

So,

yo = 100, y; = 90, yo = 46, y3 = 20.4

This shows how the system evolves discretely over time using past values.

N



